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NORM INEQUALITIES RELATED TO THE HERON AND HEINZ
MEANS

YOGESH KAPIL!, CRISTIAN CONDE?, MOHAMMAD SAL MOSLEHIAN®, MANDEEP
SINGH! AND MOHAMMAD SABABHEH*

ABSTRACT. In this article, we present several inequalities treating operator means
and the Cauchy-Schwarz inequality. In particular, we present some new compar-
isons between operator Heron and Heinz means, several generalizations of the dif-
ference version of the Heinz means and further refinements of the Cauchy-Schwarz
inequality. The techniques used to accomplish these results include convexity and
Lowner matrices.

1. INTRODUCTION

There are different families of means that interpolate between the arithmetic and
geometric means. For example, the Heron and Heinz means, defined respectively by

b 1—Vbl/ I/bl—l/
F,(a,b) = (1—1/)\/%%—1/6“2’_ and H,(a,b) = ¢ —ga :

for a,b > 0 and v € [0,1]. It is easy to see that F'is an increasing function and H
is a symmetric and convex function in v on [0, 1]. Hence,

b b
Vab < Fy(a,b) < a; and  Vab < Hy(a,b) < a; (1.1)
Recall that the arithmetic-geometric mean inequality vab < % can be expressed

by using the Heron and Heinz means as follows:
Fo(a,b) = Hyj(a,b) < Fi(a,b).
In [3], Bhatia compared these families of means by showing that
H,(a,b) < Fo-12(a,), (1.2)

for all v € [0, 1]. One goal of this article is to present a new comparison between H,
and F,,, by means of the Kantorovich constant. More precisely, we will show that

(@ +0b
H,(a,b) < (2 NG
In the sequel, we set some basic preliminary backgrounds that will be needed
throughout the paper.

Let B(s#) denote the C*-algebra of all bounded linear operators acting on a
separable complex Hilbert space (7, (-, -)). The cone of positive operators is denoted
by B(),. Let K(J¢) denote the ideal of compact operators in B(7#). For any
compact operator A € K(), let s1(A), s2(A),--- be the eigenvalues of |A| =

1—v
) FV(avb)vogl/Sl-
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(A*A)% arranged in decreasing order and repeated according to multiplicity. If
A € M,, (the algebra of all n x n matrices over C), we take si(A) =0 for k > n. We
denote by B(J#), (resp., M) the cone of positive operators (resp., positive definite
matrices), while B(2) . (resp., M*) stands for the set of invertible operators in
B(4¢)4. A unitarily invariant norm in K(s#) is a map ||| - ||| : K(22) — [0, o]
given by |||A||| = g(s(A)), A € K(5€), where g is a symmetric gauge function; cf.
[13]. The set Z = {A € K(42) : |||A]|| < oo} is a (two-sided) ideal of B(.#7). The
1
operator norm || - || and the Schatten p-norms ||Al, = (ZJ s?(A)) " for p > 1 are
significant examples of the unitarily invariant norms. For notational convenience,
we shall denote (Z, |||.]||) by Z.
The inequalities in (1.1) have some possible operator versions as follows.

If A, BeB();, X €7 and v € [0, 1], then

2| A2 XB|| < [[[A"X B + ATVXBY]|| < |||AX + X B||.

Recently, Kapil and Singh [10, Theorems 3.7 and 3.8] proved that if A, B €
B(s)4, X € T then

, (1.3)

%|||AVXBl—u+A1—vXBV||| S H'(l _Q)A%XB% + o (A‘X—l—f)(B)H

for 1/4 < v < 3/4and 1/2 < a < co. A comparison between the geometric and
Heron means is a particular case of (1.3), when v =1/2, i.e.,

II|AY2X BY2||| < H'u — a)AzXB? +a (’meB) 'H . (1.4)

Further in [10], authors proved some generalizations of the difference version of Heinz
inequality, given by

I|A"X B~ — A" X B"||| < |2v — 1] |||AX — X B]||, (0<v<1). (15)

Moreover, it is proved that ||[|A*X B™" — A" X B”||| is a convex function of v; see
[10, Remark 3.12]. These results have also been proved in matrix version by several
authors; see [12, 18] for example.

The aim of this paper is to obtain refinements of inequalities (1.3) and (1.4).
Some refinements in difference version of Heinz inequality are also obtained with
some generalizations. Then we utilize the upper and lower bounds for the normalized
Jensen functional (see Theorem 2.1) on the convexity of several functions observed in
this study. This leads to more refinements of norm inequalities. At the end, we utilize
the Jensen functional once more to discuss some refinements of the Cauchy—Schwarz
inequality. We refer the reader to [1] for recent developments of the Cauchy—Schwarz
inequality.

2. BACKGROUND

Throughout this note, we denote by J a closed interval of the real line and f is
assumed to be a continuous real-valued function defined on J. In 1906, J. Jensen
introduced the concept of Jensen convex (or midpoint conver) function, characterized
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by

2 - 2 ’
for all x,y € J. That is, these are functions that behave in a particular way under the
action of the arithmetic mean. Note that the arithmetic—geometric mean inequality
is a particular case of (2.1) by considering f(x) = e*. In the context of continuity,
midpoint convexity gives rise to convezity. That is,

fOz+ (1= Ny) <Af(x)+ (1 =N f(y),
forall z,y € Jand 0 < A < 1.
It is well known that every convex function on a closed interval can be modified
at the endpoints to become convex and continuous. An immediate consequence of
this remark is the integrability of f The integral of f can then be estimated by

f(x“’) /f Dt <’ ) ) (2.2)

This fundamental inequality, Wthh was first pubhshed by Hermite in 1883 and in-
dependently proved in 1893 by Hadamard, is well known as the Hermite-Hadamard
inequality. It is obvious that (2.2) is an interpolating inequality for (2.1).

There is a growing literature considering several interesting generalizations, re-
finements and interpolations in various frameworks. We would like to refer the
reader to [0, 7] and references therein for more information. Some mathematicians
have obtained several refinements of the operator inequalities as consequences of the
Hermite-Hadamard inequality, for example [11, 15, 16].

If f is a convex function on J, then the well-known Jensen’s inequality asserts
that

f(:c—i—y) < f@)+ fy) (2.1)

0< szf(xz) (szx2> = f X, p)

where x = (21, ,x,) € J*and p = (p1, -+ ,pn), s > 0 with > p; = 1. J is called
the normalized Jensen functional and in recent years, many authors have studied
it and have established upper and lower bounds for this functional; see [7] as an
example.

Theorem 2.1. [7, Corollary 1] Let f be a convex function on J. Then

Do (LTI (U2} <o) 4 (1= ) = fO o+ (1= V)

< 2, (I g (12 (2.3

where 0 < XA < 1, Apin = min{\, 1 — A}, Apoe = max{\, 1 — A} and z1, 29 € J.
First note that by integrating (2.3) over [0, 1] we obtain

! (w y (%)) < G+ g - —— [ " fayds

To — I

(f(xl);rf(f@) _f (xl J“T?)) (2.4)

IN

N W N =
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That is, we have upper and lower bounds for the difference between the terms

that appear in the left of (2.2).

3. NORM INEQUALITIES INVOLVING OPERATOR VERSION OF HERON AND HEINZ
MEANS

For the sake of simplicity, we denote

1
F(v) = §|||A”X31_” +ATXBYll,  K(v)=|[[|[AVXB"" — A" X B,
and

Y

G(v) = H'a — VA2 XB? 4 v (’meB) H

for A,B € B(J);, X € T and v € [0,1]. We remind the reader of a result in [10,
Remarks 3.2 and 3.12] that the functions F'(v) and K(v) are convex on [0, 1] and
attain their minimum at v = 1/2.

As we have mentioned at the introduction, the authors of [10] have obtained a
complete interpolation and comparison of operator inequalities for Heron and Heinz
means. More precisely, they proved that G(v) < G(1/2) for v € [0,1/2],G(v) is an
increasing function for v € [1/2,00) and

F(v) < G(a), (3.1)
for v € [1/4,3/4] and o > 1/2.

Theorem 3.1. Let 1/4 <v <3/4 and o € [1/2,00). Then

Fv) < (4ro — 1)F(1/2) + 2(1 — 2r)G(a) < G(a), (3.2)
and
3/4
F(1/2)+2 (2/ F(v)dv — F(1/2)> < G(a). (3.3)
1/4

where 1o(v) = min{v, 1 — v}.
Proof. We first choose 1 < v < 1. Then using the convexity of F/(v) (see [10, Remark
3.2]), we obtain
1 1
Flv)=F ((2 — 41/)1 + (4v — 1)5) < (2—4v)F(1/4)+ (v —1)F(1/2). (3.4)

Now using (3.1) with v = 1/4 in (3.4), we get
Fv)<(dv—-1)F(1/2)+ (2 — 4v)G(a), (3.5)
which is equivalent to

F(v) < (4rg = 1)F(1/2) + 2(1 — 2r9)G() < G(a),
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for i <rv< %
If 1 <v <3 replace v by 1 — v in (3.5) to get

F(v) < (3—4)F(1/2) +2(2v — 1)G(a)

N[

= (4ro — 1)F(1/2) +2(1 — 2r9)G(e)
< G(a), (3.6)

as 1 — v = rg in this case. This completes the proof of the first conclusion. The
second conclusion follows by taking the sum of integrals with respect to v of (3.5)
and (3.6) over [1/4,1/2] and [1/2,3/4], respectively. O

A matrix version of Theorem 3.1 has been proved by Ali et al. in [2, Theorem 2.2
and 2.5].

Theorem 3.2. Let 1/4 <v <3/4 and o € [1/2,00). Then
(4rg — 1) F(1/2) 4+ 2(1 — 2r9)G(0) < 2roF(1/2) + (1 — 2r9)G(w),
where r5(v) = min{2v — 3, |1 — 2v|, 2 — 2v} and ro(v) = min{r,1 — v}.

Proof. Let Iy = (4ro—1)F(1/2)+2(1—2r¢)G(«) and ly = 219 F'(1/2) 4 (1 —212)G(«).
By a simple calculation, we have

0 it v e [1/4,3/8] U [5/8,3/4];
Lh—ly={ (8v—3)F(1/2)+ (3 —8)G(a) if v e [3/8,1/2];
(—8v +5)F(1/2) + (8v — 5)G(«) if v e[1/2,5/8].
So, by the inequality F'(1/2) < G(«), we conclude that I; — [y < 0. O

Remark 3.3. On combining the results of Theorems 3.1 and 3.2, we obtain the
following double inequality,

1
§|||AI/XBl—V+A1—I/XBV|||

< (dro— V)I[IAV2X B[] +2(1 — 2r0)|[|(1 — @) AV2X BV 4 o (mfm) I
AX +XB
< 2yl [[AV2X B[] + (1= 2r)[|(1 — @) AV2X BV 4 o (%) I

for A,B € B(s¢),, X € Z. This not only refines an inequality proved by Kaur et
al. in [11] but also lifts that from a matrix version to an operator one.

Our next result is a new comparison between the Heron and Heinz means. First,
a scalar version will be given.

Proposition 3.4. Let a,b >0 and let 0 < v < 1. Then

i)\
H,(a,b) < <H%(a, b)) F,(a,b). (3.7)

Proof. Without loss of generality, we may assume a = 1. Then the desired inequality

reduces to .
b + b (1+b) ‘”( 1+b)
< 1—vWb+v—"). 3.8
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To prove this inequality, let

f(v) =log(b” +b'") — (1 — v)log 12\—;5

— log (2(1 — )V +v(1+ b)) :

Calculus computations show that
() = (—=1+vb)* 4012 log? b.
(=2Vb(—=1 +v) + v + bv)? (b+ b2)2

It is clear that f”(v) > 0 for 0 < v < 1. Hence, f is convex on [0,1]. But then
f(v) <max{f(0), f(1)} = 0. Since f(r) <0, we have

+log (2(1 — Wb+ (1 + b)) ,

1+5b
log(b¥ + ") < (1 —1v)lo
B+ < (1= )log -2

which is equivalent to (3.8). O
Notice that (3.7) reads as

a’b'=" + ary a+b 1= a+b
< — .
5 < (2\/%) ((1 v)Vab+v 5 )

The factor 2“\2% has appeared in recent studies of means refinements. The quantity

2

( 2“\2%)) has been referred to as the Kantorovich constant. We refer the reader to
4] and its references as a sample of some work treatin, is constant.

14] and its ref le of k treating thi tant

Our next result is a matrix version of (3.7).

Corollary 3.5. Let A,B € M}, X € M,, and 0 < v < 1. If there are two positive
numbers m, M such that m < A, B < M, then

AXB' + ATUXBY|| <m +M ) Y
2 , — \2vmM 2
Proof. Let A = Udiag(\;,)U* and B = Vdiag(u;)V* be the spectral decompositions
of A and B, respectively. Letting U*XV =Y, we have
AYXB'"" 4+ AVXBY Udiag()\;-’)Ydiag(ujl-_”) + diag(\; )Y diag(p)
2 2
(N5 4 N ] o (]
2
where o stands for the Schur product. Since || - |2 is unitarily invariant and recalling

(3.7), we get
2 v, 1-v 1=, 0\ 2
-y (MY
- 2 yzy

2 ij

v\ L nd s o T H e

< — VAU +v—= i

< EJ Ve (( )AL 1 5 ) |y
AX 4+ XB

4 M\ 2077) 2
<
N (2\/ mM) 2 2

where we have used the fact that m < \;, u; < M to obtain the last line. O

AX +XB

(1-— I/)A%XB% +v

V*

=U

vV,

H AXB'"Y + AV X BY
2

‘(1 - I/)A%XB% +v
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4. THE DIFFERENCE VERSION OF HEINZ INEQUALITY

In this section, we still adopt the predefined function K(v) = ||[|[A*X B —
ATV X BY|]|.
Theorem 4.1. Let 1/4 < v <3/4. Then
K(v) < 2(1 - 200) K(1/4), (4.1)
and
3/4
1 1
/K(V)dl/ < ZK(1/4) < gK(l), (4.2)
1/4

where 1o(v) = min{v, 1 — v}.

Proof. We first prove the result for 1/4 < v < 1/2. By a simple calculation, we
obtain ro(v) € [1/4,1/2] and v = @ + 42=1_ Now, using the convexity of K (v),
[10, Remark 3.12], we obtain

K(v) < 2(1 — 2r)K(1/4) + (drg — 1)K (1/2) = 2(1 — 2rg) K (1/4),

as K(1/2) = 0. The case 1/2 < v < 3/4 follows from the symmetry of function
K(v) about the line v = 1/2.

The second result is due to the sum of integrals of (4.1) with respect to v over
[1/4,1/2] and [1/2, 3/4], respectively. O

Remark 4.2. We remark that inequality (4.1) in Theorem 4.1 can be written as,
[[|AVX B — AV X BY||| < 2(1 — 2r)|||AYAX B3/* — A3/* X BY4|||,
equivalently,
[|AYX B — AV X BY||| < 2|1 — 2v| |||AYVAX B3* — A3AX BYY||.  (4.3)
Now recall (1.5) for v = 1/4 or 3/4, we obtain,

1
| AVAX B/t — 41X Y| < S|I|AX — XB||. (4.4)

On combining (4.3) and (4.4), we obtain
[|AVX B — AY"XBY||| < 2|1 -2v||||[AV*XBY* — A3/ X BY4||]
< 1 =2[[][AX = X B].

This proves that (4.1) in Theorem 4.1 interpolates (1.5). Similarly (4.2) refines the
integral version of (1.5).

Before stating the next generalization of the difference version of Heinz inequality,
we remind two lemmas. For the first lemma, we refer the reader to [9, p. 343]. For
the used notation, Y o Z refers to the Schur (Hadamard) product of Y and Z. That
is, it is the entrywise multiplication of Y and Z.

Lemma 4.3. If Y € M} and Z € M,, then
1Y e 2] < maxy, [[| Z]]]

A good reference for the following Lemma is [5].
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Lemma 4.4. If (y;) are positive numbers, then for 0 < r <1, the matriz Y whose

entries are
By =1
ylj — { Hi—pg’ Hi % M]

T =

is positive definite.
Now we have the following generalization of the difference version of Heinz in-

equality.

Theorem 4.5. Let A,B € M;* and X € M,,. Then for a > 1,52 < v < 42,
and any unitarily invariant norm ||| - ||| on M,

al[|AVX B — AV X BY|]|
< [2v = U max(|A B [[|[A*X — X B,

where || - || is the operator norm.

Proof. Tt suffices to prove the required inequality for the special case when A = B

and A is diagonal. Then the general case follows by replacing A with ( 40 )

0 B
. 0 X
and X with ( L
So, assume A = diag()\;) > 0, and let W = AV XA — A" X AY. Then W =Y o Z
where Z = A*X — X A% and
ANV =AY
vo)d T AFEN
Sv—T1 )\z — >\j

aA?fl’

Observe that when % <r< HTO‘, we have 0 < % < 1 and hence, Y > 0 because

AT — ()
v (W J 1-v
yz] )\z ( )\;1 _ )\;1 ) )\J

when A; # A; and y; = A 77 (22N 717) A\[ 7Y by virtue of Lemma 4.4, on letting

r= % and p; = A¢. Consequently, by Lemma 4.3,

W1 < maxys |[]2]]

1
= —(2uv—=D[A"||Z]].
S =1 1112111
Now, if 5% < v < 1 we have Y < 0, hence W = [Y| o (—=Z), which then implies
the result for these values of v. O

Another generalization of the difference version reads as follows.
Theorem 4.6. Let A,B e M+, X € M,, and 0 <r < 1. Then
IIA™X = XBT||| < rmax(|A™ |, [| B DI AX — X All.
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Proof. This follows immediately by noting that A"X — X A" =Y o Z where A =
diag()\;), Z = AX — XA and

AL =AY
LN FE N
N\ 1
Yij = { Ai—=Aj 7 J

AT N =
Then arguing like Theorem 4.5 implies the required inequality. U

On the other hand, a reverse of the difference version of the Heinz inequality
maybe obtained as follows.

Proposition 4.7. Let A,B € B(J¢)+, X € T and let v ¢ [0,1]. Then
A" X B — APXB||| > |20 — 1] || AX — XB]||.

Proof. For C;D € B(#),,Z € Z and 0 < pu < 1, we have
llcn 2D\ — C Rz 0| < Pu— 1] [||CZ — ZD|]| (45)

Now if v ¢ [0,1], let p = 5%=. Then p € [0,1]. For A, B € B(¢),,, X € Z, and let

w—1"
C=A""17=A""XB""and D = B¥ !
Then substituting these parameters in (4.5) implies the desired inequality. 0J

As mentioned in the introduction, in [10, Remark 3.12] it is proved that the
function v — |||AY""XBY — AVXB'"||| is convex on [0,1]. In the next result,
we extend this convexity to R. The proof of this result is based on some delicate
manipulations of the given parameters. The computations follow the same reasoning
as in the proof of [17, Theorem 4, p. 14], and hence, we do not include them here.

Proposition 4.8. Let A,B € B(),., X € T and let K(v) = |||A""XB" —
A*X BY™7"|||. Then f is convex on R.

This convexity entails the following difference version of the Heinz inequality. The
proof follows immediately from [17, Theorem 1, p.4 and Theorem 2, p.6], taking
a=0,b=1.

Corollary 4.9. Let A, B€B(),., X €Z,v >0 and let N € N. Then

N .
- [K(0) + K(2'77) .
K 27 —K(27)| < K(—v).
0+ o[ HE 20| < K(-v)
On the other hand, if v < —1, then

K(0) =Y 21 +) [K“) i K2(1 —27) k(- z—j)} < K(-v).

For example, when N = 1, the first inequality of the above corollary reduces to

(1+ 20)[||[AX — XB]|| < [[[A™"XB™ — A XB""|||.
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5. CONSEQUENCES OF JENSEN FUNCTIONALS OF CONVEX FUNCTIONS FOR
NORM INEQUALITIES

Now, we are in a situation to obtain the following results which are the refinements
of (3.2) and (3.3).

Theorem 5.1. Let 1/4 <v <3/4 and o € [1/2,00). Then
FO) + 20 <F(1/4) +F(1/2) 7 <1/4+ 1/2))

F(v)

IA

2 2
< (drg— 1)F(1/2) + 2(1 — 2r0)G(a) < G(a), (5.1)

where ro = min{v, 1 — v} and Ay = min{2 — 4rg, 4rg — 1}.

Proof. First, we consider the case v € [1/4,1/2]. Then we choose A\ € [0,1] as
A=2—4v ie,v= % + % Using (2.3) we obtain that

Flv) + gAmin<F(1/4)—2kF(1/z)_F<#))

< 2(1-2v)F(1/4) + (v — 1)F(1/2),
where Apin = min{\, 1 — A} = min{2 — 4v,4v — 1}. By (3.1), we have

Flv) + 2)\min<F(1/4)—;-F(1/2)_F<#))

< (v —-1)F(1/2)+2(1 — 2v)G(a).

So,

Flv) + 2)\min<F(1/4)—2FF(1/2)_F<#))

< (4ro—1)F(1/2) +2(1 — 2ry)G(a).
Similarly, for v € [1/2,3/4] we have

P + 2)\min<F(3/4)+F(1/2)_F<%))

2 2
< 22— 1)F(3/4) + (3 — 4v)F(1/2),

where Apin = min{\, 1 — A} = min{4v — 2,3 — 4rv}. Using again (3.1), we get

Flv) + gAmin(F(3/4)—2kF(1/2)_F<5_é4))

< (4o — 1)F(1/2) + 2(1 — 2r0)G/(a).

As F'is symmetric about v = 1/2, we get the desired result. O
Theorem 5.2. Let 1/4 <v <3/4 and o € [1/2,00). Then

F(1/2) + (F(1/4) . F/2) <w)) 12 (2 /13/4F(u)du _ F(1/2)>

/4
< G(a).
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Proof. First, we consider the case v € [1/4,1/2]. Integrating inequality (5.1) we
obtain that

/”QFWV L (F<1/4>;F<1/2> . F(l/”‘zﬁ)) / )
1/4 v

IA

F(1/2) / " o 1dv s Gla) / o1~ )

1/4 1/4
< 1/4G(w),

[ (030 (1)

< SF(1/2) + SGla) < {G(a) (5:2)

Mimicking the same idea in the interval [1/2,3/4] and using the symmetry of F(v),

we get /ij(y)dV N % (F(1/4) ; F/2) (g))

< $F1/2)+ 56lo) <

Adding inequalities (5.2) and (5.3), we have

[+ 32322

4
1F(1/2) + {6(a) < 5G(a).

or equivalently,

1
ZG(a). (5.3)

1
< _
- 2
Finally, we conclude that

F(1/2) +2 (2 /3/4F(u)du _ F(1/2)> + (F(1/4) : FA/2) g (g)) < Gla).

1/4
U
Next, we prove the results refining (4.1) and (4.2).
Theorem 5.3. Let 1/4 < v < 3/4. Then
1
K(v) < K(v) 4 2Amin <§K(1/4) — K(S/S)) < 2(1—2ry)K(1/4), (5.4)

where 1o = min{v, 1 — v} and Api, = min{2 — 4rg, 4ry — 1}.

Proof. First, we consider the case v € [1/4,1/2]. Then we choose A € [0,1] as
A=2—4v, ie, v =2+ 12 Using (2.3) we obtain that

K@) + 2Amm< (1/4)—5K(1/2)_K(37M))

< 21— 20)K(1/4) + (dv — 1)K (1/2),
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where Apin = min{\, 1 — A} = min{2 — 4v,4v — 1}. Since K(1/2) = 0, we have
K1) + 2in (%K(l/zl) _ K(3/8)) < 2(1 — 20)K(1/4).

So,
K1) + 2in (%K(l/zl) _ K(S/S)) < 2(1 = 2r) K (1/4).

Similarly, for v € [1/2,3/4], we have

K@) + 2Amin<K(3/4)‘gK(1/2>_K(%ﬂl))

< 22v—-1)K(3/4) + (3 —4v)K(1/2),
where Ay = min{\, 1 — A} = min{4r — 2,3 — 4v}. Since K(1/2) =0, we get

K() + 2o (%K@/zx) - K<5/8>) < 2(1 - 2)K(3/4)

As K is symmetric respect to v = 1/2, we get the desired result. O
Theorem 5.4. The following inequality holds,
3/4
1 1
/ K()dv < SK(1/4) + K (3/8). (5.5)
1/4

Proof. By simple calculations we obtain
dv—1  for 1/4<v<3/8
N 2—4v  for 3/8<v<1/2
mneY dv—2 0 for 1/2<v<5/8
3—4v  for 5/8<wv <3/4.
Now, taking the sum of integrals of (5.4) with A, as above in the respective

intervals and suitable rq, keeping in view symmetry of K(v) about the line v = 1,
we obtain the required result. (]

Remark 5.5. We claim that inequality (5.5) interpolates (4.2). Indeed,
3/4
1 1
/K(u)du < SK(/A) + K B/9) <
1/4

noting that K (3/8) < 1/2K(1/4) + 1/2K(1/2), which follows from convexity of
K(v).

1
ZK(l/‘l),

Remark 5.6. Recently, Bhatia proved in [4] the following inequality in matrix version
for the case of the Schatten 2-norm

1 1
§||AVBl—V +BVA1—I/||2 S §||AVBl—V +A1—I/BV||2 — FQJ(V),
for A, B positive definite matrices and v € [1/4,3/4].
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Setting
1
Fy(v) = §||AVBI_V + AT B2

and combining the last inequality with Theorem 5.1, we get the following statement:
if v €[1/4,3/4] and a € [1/2,0), then

1 F, (L + F 1 3
§||AVBl_V +B”A1_V||2 < For(v) < For(v) + 2 min ( 271(4) 5 2’1(2> — Iy (g))

< (4rg—1)Fy; (%) +2(1 — 2r9)Ga (o) < Gog(a),

where 7o = min{v, 1=}, Apin = min{2—4rq, 4ro—1} and Gy ;(a) = ||(1—a) Az B2 +
o (4£2) ||2. In particular, if o € [1/2,1] we obtain

1 vnpl-v v Al—v F,I : +F,I : 3
§||A B + B A! 2 < F2,I(V)§F2,I(V)+2)\min< ’ (4) 5 2 (2) — Iy 3

< (dro—1)Fy, (%) 4+ 2(1 = 2r0)Gat (@) < Gat()

A+ B
2

< Goi(1) = H

2
On Zou’s questions : In [19], the author presented a matrix inequality related to

Heinz and Heron means. More precisely, he obtained a matrix version of inequality
(1.2) for the Schatten norm. If v € [0, 1], A, B € M}, then it holds

AX+XB) . (5.6)

2

LAX B - XA, < H(l —a()AEX B} £ a(v) ( :

where a(v) = 1 — 4(v — /). In that paper, Zou proposed different conjecture or
open questions related to inequality (5.6).

An inequality weaker than (5.6) is
with A, B € M}, X € M,, and for any unitarily invariant norm |||.|||. Zou conjec-
tured that this inequality is true.

Another possible comparison between the Heinz and Heron means is the following:

H,(a,b) < F, (a,b),

1
SIAX B + B XA < (1 - a@)) |42 X B2 ||| + a(v)

HAX+XB'
2

where v € [0, 1] and 79 = min{r, 1 —v}. Zou [19] posed the following question: Is it
true that

F(v) < G(1—2ry)?
According to Zou, to answer this question we have to decide whether the function

f) = cosh(fx)

~ 1— 3+ Bcosh(x)’ 0=p=l,
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is positive definite. Here, we give a negative answer to this question. For this we
choose, v = 0.42 and x; = 1.7006, zo =0 x3 = 0.8047 then the matrix

< cosh((1 — 2v)(z: — 7)) ): 1 0.8023 0.9454

08023 1  0.9560
2v + (1 — 2v) cosh(z; — ;) 0.9454 0.9560 1

The determinant of the above matrix turns out to be —0.0012.

6. REFINEMENTS OF THE CAUCHY—SCHWARZ INEQUALITY FOR MATRICES

For A, B € B(s¢), and any real number r > 0, the inequality
IHAB]™ (|2 < [[I(AA") (|- (BB, (6.1)

is called the operator Cauchy—Schwarz inequality. Let A, B be positive definite
matrices and X € M,,. Then, for every positive real number r, we consider the
function

o(t) = [|HAX B ||| - [Il A X B |||
which is convex on [0, 1] and attains its minimum at ¢ = % As a consequence of this
last fact, Hiai and Zhan [8] obtained the following inequality

I1AYV2XBY2[" |12 < o(t) < |[11AX] ]| - X BI I, (6.2)

which is a refinement of (6.1).
In this section, we utilize the convexity of ¢(¢) and Theorem 2.1 to obtain a
refinement of the second inequality in (6.2).

Theorem 6.1. Let A, B € M} and X € M,,. Then fort € [0, 1],

o(0) < of0) + Ao (P 6 (1)) < 1= 2100000) + 2000012,

where tg = min{t, 1 — t} and A\, = min{l — 2t, 2ty }.
Proof. The proof is a consequence of Theorem 2.1. O

REFERENCES

[1] J.M. Aldaz, S. Barza, M. Fujii and M.S. Moslehian, Advances in Operator Cauchy-Schwarz
inequalities and their reverses, Ann. Funct. Anal. 6 (2015), no. 3, 275-295.

[2] T. Ali, H. Yang and A. Shakoor, Refinements of the Heron and Heinz means inequalities for
matrices, J. Math. Inequal. 8 (2014), no. 1, 107-112.

[3] R. Bhatia, Interpolating the arithmetic-geometric mean inequality and its operator version,
Linear Algebra Appl. 413 (2006) 355-363.

[4] R. Bhatia, Trace inequalities for products of positive definite matrices, J. Math. Phys. 55
(2014), 0135009.

[5] R. Bhatia, Positive definite Matrices, Princeton University Press, Princeton, 2007.

[6] C. Conde, A wersion of the Hermite—Hadamard inequality in a nonpositive curvature space,
Banach J. Math. Anal. 6 (2012), no. 2, 159-167.

[7] S.S. Dragomir, Bounds for the normalised Jensen functional, Bull. Austral. Math. Soc. 74
(2006), no. 3, 471-478.

[8] F. Hiai and X. Zhan Inequalities involving unitarily invariant norms and operator monotone
functions, Linear Algebra Appl. 341 (2002) 151-169.

[9] R. Horn and C. Johnson, Topics in Matriz Analysis, Cambridge Univ. Press, 1990.

[10] Y. Kapil and M. Singh, Contractive maps on operator ideals and norm inequalities, Linear

Algebra Appl. 459 (2014), 475-492.



NORM INEQUALITIES RELATED TO THE HERON AND HEINZ MEANS 15

[11] R. Kaur, M.S. Moslehian, M. Singh and C. Conde, Further refinements of the Heinz inequality,
Linear Algebra Appl. 447 (2014), 26-37.

[12] R. Kaur and M. Singh, Complete interpolation of matriz versions of Heron and Heinz means
Math. Inequal. Appl. 16 (2013), no. 1, 93-99.

[13] I. C. Gohberg and M.G. Krein, Introduction to the theory of linear nonselfadjoint operators,
Transl. Math. Monogr, 18, Providence, R.I.: Amer. Math. Soc., 1969.

[14] W. Liao and J. Wu, Reverse arithmetic-harmonic mean and mized mean operator inequalities,
J. Inequal. Appl. 2015, 2015:215, 13 pp.

[15] F. Kittaneh, On the convexity of the Heinz means, Integral Equations Operator Theory 68
(2010), 519-527.

[16] M.S. Moslehian, Matriz Hermite-Hadamard type inequalities, Houston J. Math. 39 (2013),
no. 1, 177-189.

[17] M. Sababheh, Convex functions and means of matrices, Math. Inequal. Appl. 20 (2017), no.
1, 29-47.

[18] X. Zhan, Inequalities for unitarily invariant norms SIAM J. Matrix Anal. Appl. 20 (1998),
466-470.

[19] L. Zou, Inequalities related to Heinz and Heron means, J. Math. Inequal. 7 (2013), no. 3,
389-397.

! DEPARTMENT OF MATHEMATICS, SANT LONGOWAL INSTITUTE OF ENGINEERING AND TECH-
NOLOGY, LONGOWAL-148106, PUNJAB, INDIA

E-mail address: yogesh kapill@yahoo.com

E-mail address: msrawla@yahoo.com

2INSTITUTO DE CIENCIAS, UNIVERSIDAD NACIONAL DE GRAL. SARMIENTO, J. M. GUTIER-
REZ 1150, (B1613GSX) L.0oS POLVORINES AND INSTITUTO ARGENTINO DE MATEMATICA “AL-
BERTO P. CALDERON”, SAAVEDRA 15 3 p1so, (C1083ACA) BUENOS AIRES, ARGENTINA
E-mail address: cconde@ungs.edu.ar

SDEPARTMENT OF PURE MATHEMATICS, CENTER OF EXCELLENCE IN ANALYSIS ON AL-
GEBRAIC STRUCTURES (CEAAS), FERDOWSI UNIVERSITY OF MaAsSHHAD, P. O. Box 1159,
MASHHAD 91775, IRAN

E-mail address: moslehian@um.ac.ir, moslehian@member.ams.org

4 DEPARTMENT OF MATHEMATICS, UNIVERSITY OF SHARJAH, SHARJAH, UAE.
DEPARTMENT OF BASIC SCIENCES, PRINCESS SUMAYA UNIVERSITY FOR TECHNOLOGY, AMMAN
11941, JORDAN

E-mail address: sababheh@psut.edu.jo, sababheh@yahoo.com



	1. Introduction
	2. Background
	3. Norm inequalities involving operator version of Heron and Heinz means
	4. The difference version of Heinz inequality
	5. Consequences of Jensen functionals of convex functions for norm inequalities
	6. Refinements of the Cauchy–Schwarz inequality for matrices
	References

