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a b s t r a c t

In this article we derive a Ginzburg–Landau energy functional for a nematic inhomogeneous superfluid
in presence of an electric field. The molecules occupy an infinite cylinder Ω with cross section D.
We suppose vacuum in R3

\ Ω , with the possibility that an external electric field can be applied
parallel to D. The Helmholtz free energy is obtained by taking the London limit of a Ginzburg–
Landau nematic superconducting model in absence of magnetic fields, and by including an appropriate
contribution of the electric potential energy. We show that the critical parameter inside Ω , which
defines the Fréedericksz transition on the molecular alignment, is not only influenced by the effects
of the electric field in the sample, but also by the additional contribution of the superfluid current.
We take a particular solution for the Ginzburg–Landau equations, where the superfluid phase does
not have circulation. Then, we demonstrate that the corresponding Fréedericksz threshold can be
calculated, on an arbitrary domain, by using the notion of the first positive eigenvalue of the Laplacian.
This eigenvalue depends on the chosen geometry and the boundary conditions on the nematic
phase in the sample. Next, we apply our results in an infinite slab and in an infinite cylinder with
circular cross section, where the nematic superfluid system is subjected to Dirichlet or Neumann
boundary conditions in each case. We deduce a modified Fréedericksz threshold, for each configuration
mentioned before, in a uniform electric field. In these instances we notice the remarkable fact that, for
specific values and regimes of the intrinsic parameters, the critical fields are different than the ones
obtained in the pure nematic case. Finally, we also study a Fréedericksz type threshold in a long hollow
cylinder with uniform charge density, where molecules are reoriented by the electric field produced
only by the internal charges of the sample. This setting suggests that, if molecules are oriented radially
at the boundary of the region, a Fréedericksz type threshold appears in order to maintain the radial
molecular distribution, which varies with the typical radii of the domain.

© 2020 Elsevier B.V. All rights reserved.
1. Introduction

The angle of the molecules of a nematic liquid crystal is
easured referencing an axis, which is characterized by a unitary
irector vector n̂. This crystal is considered as uniaxial due to the

rotational symmetry of its components [1]. Nematicons tend to
be aligned parallel to an electromagnetic field, depending on the
optical anisotropy of the sample. This effect is called Fréedericksz
transition [2], which is typically defined by the magnitude of the
applied field. In fact, the applied field strength plays the role of
a critical parameter for the transition in nematic liquid crystals.
In this framework, it has been proved experimentally that the

∗ Corresponding author.
E-mail addresses: ddgarcia@uc.cl (D. García Ovalle),

pborgna@unsam.edu.ar (J.P. Borgna), mariano.deleo@uns.edu.ar (M. De Leo).
ttps://doi.org/10.1016/j.physd.2020.132705
167-2789/© 2020 Elsevier B.V. All rights reserved.
electric field has a deeper influence than the magnetic field in
the molecular alignment. The range of experimental values for
the electric permittivities is larger than the range of magnetic
permeabilities for these materials [3]. Nevertheless, the mean
orientational order can be strongly affected by the magnetic
field in ferronematic liquid crystals, which are formed by diluted
magnetic particles. The Fréedericksz transition of these materials
can be different from the usual second order phase transition, and
their properties have called the attention of both theoretical [4]
and experimental [5] community.

On the other hand, superfluidity is an effect related to a phase
transition where particles move without friction. Superconduc-
tivity represents a similar situation, but particles move without
resistivity [6]. In both phenomena, the phase transition is related
to a spontaneous rotational symmetry breaking, where the mass
flux (magnetic flux) around a closed curve is quantized. Topologi-
cal defects could appear in the contexts mentioned before, where
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the order parameters that describe the phase transitions have
singularities such as (superfluid or superconducting) vortices or
disclinations.

In this context, we construct a phenomenological model for
nematic superfluids in presence of an electric field, based on
the groundbreaking Ginzburg–Landau formalism. Previous works
confirm theoretical [7] and experimental [8] interest on nematic
superfluids, for example, in the problem of interacting bosons for
frustrated lattices. Several authors have worked on models that
combine nematicity with an electric field, even in the formation
of optical solitons in nematic media [9–11].

We start by modifying an energy functional theory for a ne-
matic superconductor [12], by taking into account a limit without
magnetic fields and by adding a suitable term for the electric
potential energy to the theory. These modifications allow us
to explore the appearance of a Fréedericksz transition on dif-
ferent nematic superfluid samples, where we can compare the
results with a pure nematic situation. Nematic superconductors
are conjectured to exist among novel materials, for example, in
the pseudo gap regime of high TC superconductors. They are
istinguished by a gauge and a rotational spontaneous symme-
ry breaking. Bulk thermodynamic evidences support the exis-
ence of these materials in 2017 [13], which were confirmed in
018 [14]. From a theoretical point of view, a phenomenological
inzburg-Landau theory was proposed from the simplest Pair
ensity Wave (PDW) state [15] and the Mc-Millan–de Gennes
heory, and it explores the coupling between superconductivity
nd nematicity as a fluctuating metric [16]. A further research of
arci et al. in 2016 [12] suggests a simplified model for nematic
uperconductivity in the Ginzburg–Landau formalism.
According to Barci et al. in 2016 [12], the Ginzburg–Landau

ree energy per unit length of a two dimensional nematic super-
onducting sample is given by

=

∫
Ω

(
a|ψ |

2
+

b|ψ |
4

2
+ t|Q |

2
+

u|Q |
4

2
+ v|ψ |

2
|Q |

2
)
d2x

+

∫
Ω

(
αs|D⃗ψ |

2
+ αn|∇⃗Q |

2
+

|∇⃗ × A⃗|
2

8π

)
d2x

+

∫
Ω

2αsΛS
Sm

(
|n̂ · D⃗ψ |

2
−

|D⃗ψ |
2

2

)
d2x, (1)

here ψ is the superconducting order parameter, Q is the ne-
atic order parameter and A⃗ is the magnetic vector potential.
he magnetic field satisfies the fundamental relation B⃗ = ∇⃗ × A⃗

and ψ couples minimally with A⃗ through the covariant derivative
D⃗ = ∇⃗ − iq∗A⃗, with q∗ the effective charge of the model. We
also define n̂(α) = sinαx̂ + cosαẑ as the molecular director in a
tandard cartesian basis, where α is the nematic phase. For the
irst line of Eq. (1), we observe the usual expansion of the order
arameters in theories of second order phase transitions, where
, b, t and u are intrinsic parameters that depend on temperature.
esides, it also includes an interaction term with strength v that

couples the mean density of superconducting electrons |ψ |
2 and

the mean density of nematic particles |Q |
2. For the second line

f Eq. (1), we have the magnetic energy and the kinetic energy
ontributions of the nematic parameter and the superconducting
arameter. Here, αs is the superconducting stiffness and αn is
ts counterpart for nematicity. The third line in Eq. (1) is the
nergetic contribution related to the fluctuating metric, where Λ

is any small real number that represents its typical size.
We set Q = S exp 2iα and ψ = ρ exp iθ , where θ is the

uperconducting phase, and we take the London limit by neglect-
ng spatial fluctuations in Q and ψ . For this reason, we assume

= Sm and ρ = ρm, i.e., their values in the homogeneous
ase (in fact, they can be approximated in the weak coupling
 a
limit [12]). Therefore, if we consider a uniaxial material in the
long cylindrical region Ω ⊆ R3 of cross section D ⊆ R2, the
elmholtz free energy functional per unit length is

L =

∫
D

{
ρs

⏐⏐⏐∇⃗θ + q∗A⃗
⏐⏐⏐2 + λ

(
n̂ · (∇⃗θ + q∗A⃗)

)2}
d2x

+

∫
D

{
K |∇⃗α|

2
+

|∇⃗ × A⃗|
2

8π

}
d2x. (2)

The set of intrinsic parameters (ρs, λ, K ) have dimensions of
energy per unit length, which are given by ρs = αsρ

2
m(1 − Λ),

= 4αnS2m and λ = 2αsρ
2
mΛ [12]. We notice that the limit

⃗ = 0 can represent both a nematic inhomogeneous superfluid or
bulk superconductor. If molecules are in presence of an electric
ield E⃗, our model cannot be interpreted as a nematic bulk super-
onductor since London equations [17] cannot be satisfied in the
lassical limit. We take into account a long cylindrical geometry
or different cross sections. If we add the electric term to the
nergy functional, our chosen geometries can lead us to perform
n analysis of Fréedericksz type transitions [2]. Moreover, this
tudy can be useful for further applications, for instance, in more
ffective LCD devices.
Our article is organized as follows: In Section 2, we develop the

undamental structure of the model by defining the Helmholtz
ree energy per unit length (Section 2.1) and the Ginzburg–
andau equations (Section 2.2). In Section 2.3 we present a
articular solution that relates the superfluid phase and the
lectric potential, on the primary supposition that the super-
luid current does not circulate. In the next subsections we
ake this solution to study the Fréedericksz transition in two
ifferent configurations of the electric field E⃗. In Section 3.1 we
resent an alternative technique that computes the Fréedericksz
ransition by using the first eigenvalue of the Laplacian. In the
eneral framework, the model shall be given by an elliptic op-
rator stemmed from the first variation of the free energy. In
ections 3.2–3.3 we assume E⃗ as a uniform electric field applied
n two different geometries Ω , with cross sections given by an
nfinite slab and a disk. In Section 4 we consider that E⃗ is a
adial electric field centered in a long hollow cylinder, with an
nnulus as its cross section. In each case, we conclude that the
uperfluid current and the electric field determine the critical
arameter for the Fréedericksz transition. Besides, we calculate
he corresponding Fréedericksz thresholds for each instance. We
dd plots of the effective threshold in the uniform electric field
ase and in the radial electric field case as a function of relevant
ariables. We also include complementary graphics to illustrate
he deviation on the molecular alignment, in the uniform electric
ield case, for the chosen domains.

. Fundamentals of the model

.1. Helmholtz free energy

Let us consider the Helmholtz free energy per unit length
efined in Eq. (2) and assume that A⃗ = 0. The contribution

of E⃗ to the energy functional consists of a known term in the
literature [3,18] and the electrical work on the nematic superfluid
molecules [19]:

FE =

∫
D
(q∗ρ

2
mφ)d

2x −

∫
R2

(
(ϵE⃗) · E⃗

2

)
d2x, (3)

where ρ2
m is the absolute square of the superfluid order param-

ter in D. This also represents the mean density of superfluid
olecules. φ(x⃗) is the electric potential of the system, which we
ssume that satisfies the fundamental relation E⃗ = −∇⃗φ, and ϵ is
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the electric permittivity tensor. Since the regionΩ is occupied by
a uniaxial material, this tensor can be expressed as follows [18]:

ϵ =

(
ϵ⊥ 0 0
0 ϵ⊥ 0
0 0 ϵ∥

)
, (4)

where ϵ∥ and ϵ⊥ are the corresponding parallel and perpendicular
electric permittivities with respect to the director of the nematic
molecules. In R3

\ Ω , and consequently, in R2
\ D, we suppose

vacuum with electric permittivity ϵ0. Assuming that the cross
section D is orthogonal to ŷ, we define n̂(α) in D by n̂(α) =

in(α)x̂ + cos(α)ẑ, where (x̂, ŷ, ẑ) is the usual cartesian basis.
etting δϵ = ϵ∥ − ϵ⊥, the second term of Eq. (3) is read as:

(ϵE⃗) · E⃗
2

=

⎧⎨⎩
(
δϵ(∇⃗φ·n⃗)2+ϵ⊥|∇⃗φ|

2
)

2 x⃗ ∈ D,
ϵ0|∇⃗φ|

2

2 x⃗ ∈ R2
\ D.

(5)

Therefore, the total Helmholtz free energy per unit length of
the system is

F (α, θ, φ) = FL + FE . (6)

Assuming that the prime variables have dimensionless units
by using the transformations L = ρ

−2/3
m , x = x′L, ϵ = ϵ0ϵ

′, ϵ∥ =

ϵ0ϵ
′

∥
, ϵ⊥ = ϵ0ϵ

′

⊥
, φ = q∗(ϵ0L)−1φ′, E⃗ ′

= −∇⃗
′φ′, F0 = (q∗)2(ϵ0L2)−1,

F (α, θ, φ) = F0F ′(α′, θ ′, φ′), the dimensionless coefficients f1 =

ρsF−1
0 , f2 = KF−1

0 , f3 = λF−1
0 and dropping the prime symbols for

simplicity, FL and FE can be written as follows (for more details,
see Appendix A):

FL =

∫
D

(
f1|∇⃗θ |

2
+ f2|∇⃗α|

2
+ f3(n̂ · ∇⃗θ )2

)
d2x, (7)

FE =

∫
D
φd2x −

∫
R2

(
(ϵE⃗) · E⃗

2

)
d2x. (8)

The dimensionless Helmholtz free energy per unit length can
be inferred by inserting Eqs. (7)–(8) into Eq. (6).

2.2. Ginzburg–Landau equations

Firstly, the electric potential satisfies Laplace equation in
R2

\ D:

∇
2φ = 0. (9)

Meanwhile in D, we look for the critical points of the dimen-
sionless version of Eq. (6) in terms of (θ, φ, α). Introducing the
imensionless factors ϵ̄ = δϵϵ−1

⊥
, g1 = f −1

1 f3, g2 = (2f2)−1f3,
3 = (4f2)−1δϵ and defining the following matrices:

(α) =

(
1 + g1 sin2 α

g1 sin 2α
2

g1 sin 2α
2 1 + g1 cos2 α

)
, (10)

B(α) =

(
sin 2α cos 2α
cos 2α − sin 2α

)
, (11)

C(α) =

(
1 + ϵ̄ sin2 α ϵ̄ sin 2α

2
ϵ̄ sin 2α

2 1 + ϵ̄ cos2 α

)
, (12)

the corresponding Ginzburg–Landau equations, obtained with
standard variational calculus, are given by

∇⃗ · (A(α)∇⃗θ ) = 0, (13)

∇⃗ · (C(α)∇⃗φ) = −
1
ϵ⊥
, (14)

∇
2α − g2∇⃗θ TB(α)∇⃗θ + g3∇⃗φTB(α)∇⃗φ = 0. (15)

As we can see, Eq. (13) is the conservation law for the su-
perfluid current J⃗s ∝ ∇⃗θ . Besides, Eq. (14) represents a modified
Gauss Law for the system. Finally, Eq. (15) is a non linear equation
for the nematic phase that shows the effects of the electric field
and the superfluid current on the molecular alignment.
 o
2.3. Effect of the superfluid current and the electric field on the
Fréedericksz transition

The most used macroscopic model for neutral superfluids is
based on the Gross–Pitaevskii theory [20], where the superfluid
current is given by

J =
h̄

2m∗i

(
ψ∗

∇⃗ψ − ψ∇⃗ψ∗
)
, (16)

where (∗) denotes complex conjugation. In addition, h̄(m∗)−1 is
roportional to the stiffness of the neutral superfluid. For the
omogeneous case ψ =

√
n0eiθ , where |ψ |

2
= n0 is the mean

ensity of superfluid particles. Hence, Eq. (16) becomes

=
h̄n0∇⃗θ

m∗

. (17)

In order to understand the Fréedericksz transition for nematic
superfluids, and inspired on the known fact in Eq. (17), we con-
sider a particular solution of Eqs. (13)–(15) without circulation of
the superfluid current∮
C
J⃗ · d⃗l ∝

∮
C
∇⃗θ · d⃗l = 0 (18)

around a closed loop C . The superfluid current can be related to
the electric field since ∇⃗ × E⃗ = 0 and then

∮
C E⃗ · d⃗l = 0. For this

case, and comparing the matrix elements in Eqs. (10), (12), we
can set that the superfluid phase θ and the electric potential φ
are related by the following identity:

θ =
ϵ̄

g1
φ. (19)

Thus, using that ρ0 = ϵ−1
⊥

(1 − ϵ̄g−1
1 )−1, b = g3 − g2(ϵ̄g−1

1 )2,
Eqs. (13)–(15) can be reduced to the following system of equa-
tions:

∇
2φ = −ρ0, (20)

∇
2α + b∇⃗φTB(α)∇⃗φ = 0. (21)

The substitution given by Eq. (19) and Eq. (20) states that
a particular solution for the superfluid phase and the electric
potential satisfy Poisson equation. The previous relation produces
an irrotational solution for these quantities. Furthermore, Eq. (21)
suggests that the non circulating profile of the superfluid current
can be added to the effects of the electric field on the nematic
phase of the molecules. Hence, a Fréedericksz transition can take
place on the nematic molecules, for suitable values of b, due
to the influence of the electric field and the superfluid current.
For a physical interpretation of these quantities, with bS =

ϵ̄2ρ2
s (2Kλ)

−1 and bN = F0δϵ(4K )−1, we rewrite b as follows:

b = bN − bS . (22)

ere, bS is a parameter that depends on the mean density of
uperfluid particles ρs and the coupling between nematic and
uperfluid effects λ. In addition, bN is a parameter that depends
n the electric anisotropy of the system, which appears in a pure
ematic situation [18]. The previous decomposition in Eq. (22)
learly shows a crucial difference between nematic superfluid
ystems and its pure nematic counterpart, where the electric
nisotropy is the main factor that determines the critical electric
ield, and subsequently, the Fréedericksz transition.

In the next section, we analyze the existence of a Fréedericksz
ransition in two different situations: When E⃗ is a uniform elec-
ric field and when E⃗ is a radial electric field produced by the
nternal charges of the sample. In particular, for the case of the
niform field, we will distinguish two possible cases depending

n whether the cross section D is a disk or a slab. For the radial
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δ√
field we analyze only the case when the section D is an annular
domain. We also illustrate with Figs. (2–5) the behavior of the
transition, via a graphical representation of n̂(α), and the general
threshold |E⃗| for different values of the ratio bSb−1

N .

3. Uniform electric field

In this section, we take a uniform electric field applied on
the sample of the form E⃗a = E1x̂ + E2ẑ, where E1 and E2 are
given parameters. Throughout this section we consider valid the
assumption expressed by Eq. (19). Consequently, we are focused
to study the system given by Eqs. (20)–(21). Assuming that ρ0 ≪

1, we have that E⃗ = E⃗a is a solution for Eqs. (9) and (20). Thus,
Eq. (21) becomes:

∇
2α + b

{
(E2

1 − E2
2 ) sin 2α + 2E1E2 cos 2α

}
= 0, (23)

which has a similar form to the expression shown in [21] for
uniaxial nematic liquid crystals.

Let ω be the angle between the electric field E⃗ and the unitary
vector ẑ, i.e., E1 = |E⃗| sinω and E2 = |E⃗| cosω. It is easy to check
that E2

1−E2
2 = −|E⃗|

2
cos 2ω and 2E1E2 = |E⃗|

2
sin 2ω. Thus, Eq. (23)

becomes

∇
2α + b|E⃗|

2
sin 2(ω − α) = 0,

being γ = ω − α the angle of the deviation between the
electric field E⃗ and the director n̂. Hence, we obtain the following
equation for γ (x⃗):

−∇
2γ + b|E⃗|

2
sin 2γ = 0. (24)

In the subsections below, we analyze the existence of Fréed-
ericksz transitions in two possible cross sections D.

3.1. General computation of a Fréedericksz threshold by using the
first positive eigenvalue of the Laplacian

We begin with Eq. (24), where γ ∈ L2(D). Multiplying Eq. (24)
by γ on both sides of the equality and integrating by parts in D,
we have ∫

D

(
γ∇

2γ − b|E⃗|
2
γ sin 2γ

)
d2x = 0,∫

∂D
γ ∇⃗γ · d⃗S +

∫
D

(
−|∇⃗γ |

2
− b|E⃗|

2
γ sin 2γ

)
d2x = 0.

Then, Dirichlet or Neumann boundary conditions produce that
the first term of the previous equality vanishes, and this leads us
to the following equality:∇⃗γ2L2(D) =

∫
D
|∇⃗γ |

2
d2x =

∫
D
−b|E⃗|

2
γ sin 2γ d2x. (25)

Changing n̂ by −n̂, if needed, we can assume that γ ∈

(0, 2−1π ) and thus we have sin 2γ > 0. With this assumption
on Eq. (25), in which we shall consider 0 > b = −|b|, we derive
a bound for the electric field of the form∇⃗γ2L2(D) = |b||E⃗|

2
∫
D
γ sin 2γ d2x

≤ |b||E⃗|
2
∫
D
|γ sin 2γ |d2x

≤ |b||E⃗|
2
∫
D
2|γ |

2d2x

= 2|b||E⃗|
2
∥γ ∥

2
L2(D) . (26)

Since we are looking for a non trivial solution ∀γ ∈ L2(D), we ob-

tain a bound that depends on the first positive eigenvalue of the
Fig. 1. Behavior of the effective Fréedericksz threshold e(X) in the case γ ∈

(0, 2−1π ) and b < 0.

Laplacian Λ1, with the corresponding boundary conditions [10]:

Λ1 ≤

∇⃗γ2L2(D)
∥γ ∥

2
L2(D)

. (27)

Therefore, applying Eq. (27) into Eq. (26), we prove that the
réedericksz threshold for the molecular alignment can be ex-
ressed as a condition for the electric field:

E⃗|
2

≥
Λ1

2|b|
. (28)

In order to illustrate the behavior of the electric field, we take
ϵ > 0, X = bSb−1

N and the effective threshold function as

2|bN |Λ−1
1 |E⃗|

2
:= e2(X) ≥

1
(X−1) .

From Fig. 1 we can see that the Fréedericksz threshold in-
creases when bS and bN tend to be equal. In fact, if X → 1 the
value of the critical electric field is extremely large. In contrast,
for X → +∞ the critical electric field decreases to zero. From
a physical point of view, the value of this field for the transition
increases when the non pure nematic effects are comparable in
size with the classical ones in nematic liquid crystals. Besides,
with a particular choice of the parameters related with nematicity
and superfluidity, it is possible to diminish the size of the critical
electric field. (For the case b > 0, γ ∈ (2−1π, π ), see Appendix B).

3.2. Fréedericksz transition in an infinite slab

In this subsection we consider an infinite slab Ω := {(x, y, z) :

0 ≤ x ≤ d} with cross section D := {(x, z) : 0 ≤ x ≤ d} and
an electric field E⃗a. With the translational symmetry on the ẑ
direction for the parameter α, i.e., α = α(x), Eq. (24) becomes
the following ordinary equation:

d2γ
dx2

− b|E⃗|
2
sin 2γ = 0. (29)

Next, we study Eq. (29) with Dirichlet or Neumann boundary
conditions, both regarded as two suitable conditions for the crys-
tals. The first one, γ (0) = γ (d) = 0, means that crystals are
aligned in a given direction at the boundary. The second one,
γ ′(0) = γ ′(d) = 0, means that the movement of crystals is
smooth in the transverse direction to the boundary, and they stop
when they approach it.

In order to get the Fréedericksz threshold, we apply the
method presented in the previous subsection by computing the
first eigenvalue of the one dimensional Laplacian in [0, d], with
both Dirichlet and Neumann boundary conditions. A straightfor-
ward computation gives Λ = π2d−2, which is the same for both
1
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Fig. 2. Molecular alignment for Dirichlet boundary conditions α(0) = α(1) =
−1π and below the threshold, in a unit square of the infinite slab with d = 1.
e only observe the initial alignment.

Fig. 3. Molecular alignment for Dirichlet boundary conditions α(0) = α(1) =
−1π and above the threshold, in a unit square of the infinite slab with d = 1.
e clearly notice the deviation on the molecular alignment due to the threshold.

roblems. The previous result replaced into Eq. (28) implies that
he critical electric field is

E⃗|
2

≥
π2

2|b|d2
. (30)

As we stated before, by means of the quantity X we can
compare Eq. (30) with the threshold in a pure nematic case. We
notice that the magnitude of the critical electric field decreases
when the difference in the contributions between both situations,
nematicity (bN ) versus nematic superfluidity (bS), increases (X ≫

1). In the following plots, we illustrate the molecular behavior
as a function of the threshold. For this purpose, we sketch the
numerical solution of Eq. (29) by using the shooting method (see
Figs. 2 and 3).

3.3. Fréedericksz transition in a disk

In this subsection we consider Ωd :=
{
(x, y, z) : x2 + z2 ≤ d

}
,

an infinite cylinder with cross section D :=
{
x, z : x2 + z2 ≤ d

}
.
d ( )
In this geometry we expect α (x, z) due to the cylindrical sym-
metry. Consequently, we study the Fréedericksz transition for
Eq. (24) with γ (x, z), b < 0, 0 ≤ γ ≤ 2−1π and considering both
instances: Dirichlet boundary condition γ |∂Dd

= 0, or Neumann

condition ∂γ

∂η

⏐⏐⏐
∂Dd

= 0. We apply the technique described in

Section 3.1 to find a threshold. First, Laplace equation in Dd :=

{0 ≤ r ≤ d, 0 ≤ ϕ ≤ 2π} in polar coordinates, given by the
coordinate transformations x = r sinϕ and z = r cosϕ, can be
written as follows:
1
r
ur + urr +

1
r2

uϕϕ = −Λu, (31)

ith Dirichlet boundary condition u (d, ϕ) = 0 or Neumann
condition ur (d, ϕ) = 0. We apply the separation of variables
u = R (r)Φ (ϕ) into Eq. (31) in order to obtain Λ1 provided
with each boundary condition mentioned before. Then, it results
that the eigenvalues for Φ(ϕ), imposing periodicity, are µ̃k = k2,
here k ∈ N0. In consequence, the equation for R(r) is

2R′′
+ rR′

+
(
Λr2 − k2

)
R = 0, (32)

ith the Dirichlet condition R(d) = 0 or the Neumann condition
′ (d) = 0. In both situations we add the condition R′(0) = 0 in
rder to gain regularity of the solution at the origin. After the sub-
titution t =

√
Λr , Eq. (32) becomes the Bessel equation [22,23]

with Dirichlet mixed condition R(
√
Λd) = R′(0) = 0 or Neumann

conditions R′(0) = R′(
√
Λd) = 0. Here Jk(t) is a Bessel function

of order k. Using a numerical analysis for the first zero tk of Jk(t)
and the first zero of their derivative t ′k, we deduce that the first
positive eigenvalue Λ1 of the Laplacian with Dirichlet condition
in the disk is given by Λ1 = t20d

−2, where J0(t0) = 0. Meanwhile,
with Neumann condition we get Λ1 = t ′22 d−2, where J ′2(t

′

2) = 0.
As a summary, the threshold for the Dirichlet condition is

|E⃗|
2

≥
t20

2|b|d2
(33)

and for the Neumann condition is

|E⃗|
2

≥
t ′22

2|b|d2
. (34)

We observe from Eqs. (30), (33), (34) that the geometry in-
fluences the first positive eigenvalue of the Laplacian on the
samples mentioned before, and consequently the Fréedericksz
transition on each of them. From Eqs. (33)–(34) we also notice
that the boundary conditions modify the critical electric field
for the redirection of the molecular alignment. We display two
graphics that sketch the molecular behavior above and below the
threshold. We plot the solution for Eq. (24), which we find by
performing a combination between the finite element method
and a third order approximation of the sine function (see Figs. 4
and 5).

4. Radial electric field

In this section we explore a Fréedericksz type threshold, when
the sample of nematic superfluid crystals is a long hollow cylinder
along the ŷ axis, Ωε :=

{
(x, y, z) : ε2 ≤ x2 + z2 ≤ 1

}
, with cross

section Rε :=
{
(x, z) : ε2 ≤ x2 + z2 ≤ 1

}
. With this in mind,

we are concerned about the effects in the molecular alignment
produced by a radial electric field, generated by the internal
charges of the sample, with charge density ρ0.

According to the reduced system given by Eqs. (20)–(21),
written in polar coordinates (r, ϕ) as the case of the disk, the
electric field in Ωε can be calculated by applying Gauss Law [19]:

E⃗ =
ρ0(r2 − ε2)r̂

, (35)

2r
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Fig. 4. Molecular alignment for Dirichlet boundary condition α(1) = 4−1π and
below the threshold, in a unit disk with d = 1. We only notice the initial
molecular alignment.

Fig. 5. Molecular alignment for Dirichlet boundary condition α(1) = 4−1π and
above the threshold, in a unit disk with d = 1. We clearly notice the deviation
on the molecular alignment due to the threshold.

where r̂ = sinϕx̂ + cosϕẑ. Then, replacing Eq. (35) in Eq. (21)
and setting gε(r) := (rE(r))2, we deduce the following equation
for the nematic phase α:

r2αrr + rαr + αϕϕ + b gεr (r) sin 2 (ϕ − α) = 0. (36)

With the change of variables r = e−t , Eq. (36) becomes

αtt + αϕϕ + b gεr
(
e−t) sin 2 (ϕ − α) = 0 (37)

posed in Dε = [0, mε] × [0, 2π ], where mε = ln (1/ε). Setting
u = ϕ− α, Eq. (37) yields the following equation in the variables
(t, ϕ) ∈ Dε :

∇
2u − b gε

(
e−t) sin 2u = 0. (38)

Next, we impose periodicity in the nematic phase and we
assume that the molecules are aligned in the radial direction at
∂Rε . Hence, we apply the following boundary conditions at ∂Dε:

u(t, ϕ) = u(t, ϕ + 2π ), (39)
u(t, ϕ)| = 0. (40)
∂Dε
Fig. 6. Behavior of the effective type Fréedericksz threshold f (ε) as a function
of the inner radius ε. The previous plot states that the Fréedericksz threshold in
this sample decreases when the inner radius of the hollow cylinder decreases,
converging to the case of a disk.

Multiplying by u, integrating on Dε and using integration by
parts, we obtain

0 =

∫∫
Dε

⏐⏐∇⃗u
⏐⏐2 dt dϕ + b

∫∫
Dε

gε
(
e−t) u sin 2u dt dϕ (41)

where the boundary term vanishes due to boundary conditions
in Eqs. (39)–(40).

Assuming 0 ≤ u ≤ 2−1π , we thus have u sin 2u ≥ 0, and
since gε(s) ≥ 0 we conclude that the second term in Eq. (41) is
non negative. Since we are looking for non trivial solutions, we
assume that b < 0. Hence, we can write Eq. (41) as follows:∫∫

Dε

⏐⏐∇⃗u
⏐⏐2 dt dϕ = |b|

∫∫
Dε

gε
(
e−t) u sin 2u dt dϕ

which leads to the estimate

Λε ∥u∥2
L2(Dε)

≤ 2 |b| ∥gε∥L∞(Dε) ∥u∥
2
L2(Dε)

, (42)

where Λε is the first positive eigenvalue of the Laplacian in
Dε , and u is orthogonal to the constant solutions in L2(Dϵ). A
straightforward calculation shows that Λε = π2(ln ε)−2, and
finally from Eq. (42) the Fréedericksz threshold isrE⃗ (r)2

L∞(Rε)
≥

π2

2 |b| (ln ε)2
. (43)

The threshold presented in Eq. (43), considering the expres-
sion for the electric field inside the sample in Eq. (35), shows
that molecules remain aligned with the radial direction when the
charge density exceeds a certain value. This magnitude depends
on an intrinsic parameter and the internal radius of the long
hollow cylinder. Moreover, when ε → 0 we obtain a trivial
threshold for a disk, and molecules remain aligned with the radial
direction of the electric field. A similar threshold can be derived
if we take 2−1π ≤ u ≤ π and b > 0. The behavior of
√
2|b|π−1

rE⃗ (r)
L∞(Rε)

:= f (ε) = |ln ε|−1 is described by Fig. 6.

5. Conclusions

In this article we present a model for the response of a nematic
inhomogeneous superfluid material in presence of an electric
field. This model consists of a set of three equations that express
the coupling of the nematic phase, the superfuid phase and the
electric potential. This system can be reduced to two equations
by relating the superfluid phase and the electric potential, by
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ϵ

taking into account a particular solution for the Ginzburg–Landau
equations without circulation. Consequently, we observe that a
non trivial solution for the nematic phase is influenced by a
threshold that depend on the electric field and the superfluid
current. We take into account special instances with possible
experimental applications due to their simplicity, that includes
both the infinite slab and a cylinder when the electric field is
uniform. We also take a hollow cylinder when the electric field is
produced by the internal charges of the sample. Here, we notice
that the Fréedericksz threshold is determined by the geometry of
the system, the boundary conditions and the possible values of an
intrinsic parameter that could be fixed experimentally. We also
show that the Fréedericksz thresholds can be obtained by apply-
ing the notions of the first positive eigenvalue of the Laplacian for
each problem, given Dirichlet of Neumann boundary conditions,
on an arbitrary domain. Since it is easier to find bounds for the
first eigenvalue than to get some special solution, the previous
method appears to be a useful wide-range tool.
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Appendix A. Dimensionless version of the Helmholtz free en-
ergy

We start from Eq. (6) and the following substitutions x = Lx′,
= ϵ0ϵ

′, φ = q∗φ
′(ϵ0L)−1, E⃗ ′

= −∇⃗φ′, α = α′, θ = θ ′, where
the prime symbols indicate dimensionless quantities and L is the
unknown typical length of the system. Then, integrating on the
dimensionless domain Ω ′, we find that

F =

∫
Ω ′

L2
{
q∗ρ

2
m

(
q∗

ϵ0L

)
φ′

+
ρs

L2
|∇⃗θ ′

|
2
+

K
L2

|∇⃗α′
|
2
}
d2x′

+

∫
Ω ′

L2
{
λ

L2
(
n̂ · ∇⃗θ ′

)2}
d2x′

−

∫
R2

(
q2

∗

ϵ20L2

)
L2(ϵ0ϵ′E⃗ ′) · E⃗ ′

2L2
d2x′

=

∫
Ω ′

{(
q2

∗
ρ2
mL
ϵ0

)
φ′

+ ρs|∇⃗θ
′
|
2
+ K |∇⃗α′

|
2
}
d2x′

+

∫
Ω ′

λ
(
n̂ · ∇⃗θ ′

)2
d2x′

−

∫
R2

(
q2

∗

ϵ0L2

)
(ϵ′E⃗ ′) · E⃗ ′

2
d2x′.

Defining F = F0F ′, where F0 = (q∗)2(ϵ0L2)−1, we inferred that

F ′
=

∫
Ω ′

{
ρ2
mL

3φ′
+
ρs

F0
|∇⃗θ ′

|
2
+

K
F0

|∇⃗α′
|
2
}
d2x′

+

∫
Ω ′

{
λ

F0

(
n̂ · ∇⃗θ ′

)2}
d2x′

−

∫
R2

(ϵ′E⃗ ′) · E⃗ ′

2
d2x′.

Finally, with ρ2
m = L−3, the dimensionless coefficients f1 =

ρsF−1
0 , f2 = KF−1

0 , f3 = λF−1
0 and dropping the prime symbols for

simplicity, Eqs. (7)–(8) hold.
Fig. 7. Behavior of the effective Fréedericksz threshold e(X) = (X − 1)−1/2 , as a
function of X = bSb−1

N , for δϵ > 0 in the case γ ∈ (2−1π, π ) and b > 0.

Appendix B. Preliminaries for the graphical analysis of the
critical electric field

In order to study the behavior of the general Fréedericksz
threshold in Eq. (28), we take the effective function:

2bN |E⃗|
2

Λ1
= e2

(
X =

bS
bN

)
=

1
|1 − X |

. (B.1)

if δϵ > 0. Then, equality (25) can be written as follows:

e2 ≥
1

|1 − X |
. (B.2)

From Eq. (B.2), we distinguish two cases for the effective
critical field: if X < 1 (2−1π ≤ γ ≤ π and b > 0), Eq. (B.2)
becomes:

|e| ≥
1

√
1 − X

(B.3)

and we recover the pure nematic case if X → 1. Additionally, if
X > 1 (0 ≤ γ ≤ 2−1π and b < 0), Eq. (B.2) leads to (see Fig. 7):

|e| ≥
1

√
X − 1

. (B.4)
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