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1. Introduction

A graph G = (V,E), or simply G, consists of a nonempty set V of vertices and
a set F of edges, formed by 2-element subsets of V. We will consider graphs without
multiple edges and without loops. Let G be a connected graph on n vertices with vertex
set V' = {v1,...,v,}. The distance between vertices v; and v;, denoted d(v;,v;), is the
number of edges of a shortest path from v; to v;. The distance matriz of G, denoted
D(G), is the n x n symmetric matrix having its (4, j)-entry equal to d(v;,v;). We also
use d; ; to denote d(v;,v;).

The distance matrix has been widely studied in the literature. The interest in this
matrix was motivated by the connection with a communication problem (see [3,5] for
more details). In an early article, Graham and Pollack [3] presented a remarkable result,
proving that the determinant of the distance matrix of a tree 1" on n vertices only de-
pends on n, being equal to (—1)"~!(n — 1)2"~2. This result was generalized by Graham,
Hoffman, and Hosoya in 1977 [4], who proved that, for any graph G, the determinant of
D(G) depends only on the blocks of G (see Theorem 2).

In 2005, more than 30 years after the result of Graham and Pollack on trees, Bapat,
Kirkland and Neumann [1] exhibited a formula for the determinant of the distance matrix
of a unicyclic graph (see Theorem 1).

For a bicyclic graph, the determinant can be easily computed in the case where the
cycles have no common edges, since its blocks are edges and cycles. In a conference
article [2], we presented some advances for the remaining cases; i.e., when the cycles
share at least one edge. In addition, we conjectured the formula for the remaining cases.
In the present article, we completely solve these conjectures, extending the formula of
the determinant of D(G) to graphs G having bicyclic blocks as well as trees and unicyclic
blocks.

This paper is organized as follows. In Section 2 we present some basic notations,
preliminary results, and we briefly describe previous results in connection with the
determinant of the distance matrix of a bicyclic graph. In Section 3 we examine the de-
terminant of the distance matrix for special classes of bicyclic graphs, namely 8-graphs,
whose definition is stated in Section 2, and also the determinant of a f-graph attached
to a path. In Theorem 5, we present a formula for the determinant of a graph where
each block is generated from a tree by the addition of at most two edges (graphs with
blocks at most bicyclic).

2. Definitions and preliminary results

A tree is a connected acyclic graph. A unicyclic graph is a connected graph with as
many edges as vertices. The path and the cycle on n vertices are denoted by P, and C,,
respectively.

The determinant and the sum of all cofactors of the distance matrix of a cycle are
already known. Recall that, for any square matrix A, the cofactor ¢; ; is defined as
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(—1)"*7 times the determinant of the submatrix obtained by deleting its ith row and jth
column. Let cof(4) =37, ; ¢;; be the sum of the cofactors of A.

Lemma 1 ([1,7]). For each n > 3:

e ifn is odd, det D(C,,) = (n? —1)/4 and cof D(C,,) = n;
o if n is even, det D(C,,) = 0 and cof D(C),) = 0.

In [1], the determinant of D(G) was obtained when G is a unicyclic graph.

Theorem 1 ([1]). Let G be a unicyclic graph consisting of a cycle of length | plus m edges
outside the cycle. If | is even, then det D(G) = 0; otherwise:

w2 +2ml—1

det D(G) = (—2) -

A cut-vertex of a connected graph is a vertex whose removal disconnects the graph.
A block of a graph G is a maximal connected subgraph of G having no cut-vertices. A
block is a connected graph having no cut-vertices.

In [4], it was proved that, if the blocks of a graph G are Gy, Gs, ..., Gy, then det D(G)
depends only on det D(Gy),det D(G3),...,det D(G)) and cof D(Gy), cof D(G2),...,
cof D(Gy).

Theorem 2 ([/]). If G is a connected graph whose blocks are G1,Ga,...,Gy, then
k
det D(G) =) _ det D(G}) 11 cof D(G;)
i=1 Ge{1,2,... k}—{i}

and
k
cof D(G) = H cof D(G;).
i=1

A cactus is a connected graph in which any two cycles have at most one vertex in
common. By definition, every unicyclic graph is a cactus. Moreover, each block of a
cactus on at least two vertices is either an edge or a cycle. As det D(G) depends only on
the blocks of G and det D and cof D are known for an edge and for the cycles, we obtain
the next corollary as an immediate consequence of Lemma 1 and Theorem 2.

Corollary 1. Let G be a connected cactus having precisely ¢ cycles whose lengths are
li,la,..., 1. plus m other edges outside these cycles.

o If at least one of l1,la,...,l. is even, then det D(G) = 0.
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V2 v3
V1
oS V4
v7
V6 V5

Fig. 1. 6(2, 3, 4).

o Otherwise (i.e., if all of l1,1a,...,l. are odd),

C

c m 27
det D(G) = (—=2)™ (H zi> (5 +y ll% 1) .

i=1

A bicyclic graph is a graph obtained by adding an edge to a unicyclic graph. The
special case of ¢ = 2 in the formula of the corollary above was also obtained in [6] by
alternative means, corresponding to a special class of bicyclic graphs.

As det D for all cacti is known, in order to find det D for all bicyclic graphs, it is
enough to find det D and cof D for bicyclic blocks.

Definition 1. Let P11, Pp41, Py41 be three vertex disjoint paths, [ > 1 and p,q > 2, each

of them having endpoints, v}, vh, o7, v5, v] v, respectively. We denote by (1, p, ¢)-graph,

or simply @-graph, the graph obtained by identifying the vertices v, v”, v? as one vertex
py g p ) g p y y g 1» Y1, Y1 9

and proceeding in the same way for vh, v5, v§ (see Fig. 1).

Note that 6(I,p, q)-graph is a bicyclic graph, with no pendant vertex, whose cycles
share at least one edge. In [2], we proved the following results:

Proposition 1 (/2, Lemma 3.1]). For every positive integer k,
det D(0(2,2,2k + 1)) = 4(k* + k — 1).

Proposition 2 (/2, Lemma 3.2]). Let G be one of the graphs below:

0(1,2k — 1,2k — 1), for k > 2;

o 0(2,2,2k —2), for k > 3;

e 0(l,p,q), forl >2,p>3, and q > 3.
Then det D(G) = 0.
3. Bicyclic graphs

The next theorem yields the determinant of D(G) when G = (I, p, q), completing the
remaining cases in [2].
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V2 Vk+1
V2k+2 Vk43

Fig. 2. 6(1, 2, 2k).
Theorem 3. Let G = 6(1,p,q). The following assertions hold:

(a) If G=0(1,p,q) for even integers p and q, then det D(G) = _(pTJFQ)Z.
(b) If G = 6(2,2,2), then det D(G) = —16.
(c) If G =0(2,2,q) for some odd integer q¢ > 1, then det D(G) = ¢* — 5.
(d) Otherwise, det D(G) = 0.
Proof. Items (c) and (d) correspond to Proposition 1 and Proposition 2 of [2], respec-
tively. Item (b) can be computed directly. The proof of case (a) will be divided in the
following 2 cases:

Case 1: Let G = 6(1,2,2k), for some k > 1, with its vertices labeled as in Fig. 2. The
distance matrix of 6(1,2, 2k) is

D(6(1,2,2k)) = (2 D(Cztku)) ’

where D(Cagg41) is the distance matrix of the cycle induced by the vertices vg, ..., vagta

and vt = (1,2,...,k,k+1,k,...,2,1).
From [1], we know that

_ 2k+1
D(Copy1)~" :*2I*Ck*0k+1+mja (1)

and det D(Ca41) = k(k + 1), where J is the all ones matrix, with appropriate size, and
C is the cyclic permutation matrix of order 2k+1 having C; ;41 = 1fori=1,...,2k+1,
taking indices modulo 2k + 1. We have that

D(0(1,2,2k)) " = MIM,yM,, (2)

where
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V2 Us+1 Us+k
......... e eenen-
......... —_—

V2k+2s Vs+42k+1 Vs+k+2
Fig. 3. 6(1, 2s, 2k)

V2 Vs Us+k
......... _0_.........

U1 Us+k+1

......... _‘._.........

V2k+2s Vs+2k+2 Us+k+2

Fig. 4. 0(1,2(s — 1), 2(k + 1)).

and

det D(0(1,2,2k)) = det My * = —v'D(Copy1) v det D(Copir)
= —0'D(Capy1) " 'v k(k +1).

Now, we will calculate v!D(Cyy41) 1v. Using (1) we obtain

2k+1

D(Copy1) o = —20'0 — ! CFv — vt C* oy + mvt,]v
k
:—422272k+ Z(k+lfz)
i=1
k+1
2% + 1 A
-2 2— 1
Z (k + k(k+1)(k+ )
k+1 3
(2 1
:_22 (k+1) _22 (k+2)+ @k+D(k+1)°

k
—k(k+1)> = (k+1)(k+2)*+ i

(2k+1)(k+1)% k:+1_

k ok
Combining this result with (3), we deduce that

(2k+2)2  —n?

det D(0(1,2,2k)) = —(k +1)? = — i -

with n = p 4 ¢, where p = 2 and ¢ = 2k.

Case 2: Let H = 0(1,2s,2k) and G = 0(1,2(s — 1),2(k + 1)), for some k > 2 and s > 2,

with its vertices labeled as in Fig. 3 and Fig. 4, respectively.
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The distance matrices of G and H are

D(G)z(i g) and D(H):(g lj;),

where

k+s k+s

P:ZZ|i—j| eiez-,

i=1 j=1

443

(6)

is the distance matrix of Pyis (the path on k + s vertices), and e; denotes a vector

having an entry equal to 1 on the i-th coordinate and 0’s in the remaining coordinates.

Moreover,
k+s k+s
B' = Z(k+s+1—jele —|—Zk—|—s+1 i)esel
Jj=1 1=2
s+1k+1 s+k  k+s
+ZZ(s+k+3—j—i)eie§+ Z Z (j+i—s—k—1)ege]
i=2 j=2 i=54+2 j=k+2
s+1 s+1 k+s
+Zsel H_lirZ Z [rost1(l —k+j —i) — s — 1]e;ef
1=2 =k+2
J#H—k 1
s+k s+k  k+1
+ Z kejel ,+ Z Z |rog+1(s+j—1i) —k— 1|eie§-
1=5+2 i=s+2 j=2
Ji—s
and
k+s k—+s
Al = Z(k’—i—s—f—l—j)elez-—i—Z(k—&—s—i—l—i)eietl
j=1 i=2
s k+2 s+k k+s
Y D (s+k+3—j—ieel+ Y > (j+i—s—k—1eel
i=2 j=2 i=s+1j=k+3
s k+s
+Z s—1) ee z+k+z Z [72s—1(j — —Z)_S‘ez
i= 2] k+3
JjF#it+k
s+k

+ Y (k+1) el oy,
1=s+1
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s+k k+2
+ Z Z [rokta(s +j —i—1) =k —2lee],
i=st1  j=2
JEi—st+1

where 7,(8) represent the remainder when integer S is divided by a.
It is easy to see that P is invertible and

k+s—2 ‘ k+s—2 et

pl=—___"°> = - = tE sel
20 +s—1) YT ok s 1) FFshes ; €ics

ksl kts
t t
+ Z B €i€;41 —|—Z§ €ie;_1
i=1 i=2

1 t t
T s—1) A T o 1) K

We define

I 0
Ni= <(A—MB)P—1 M)’

where

k+s
M = t t t Lt
i=e1e] +e2ep ) — €€ o+ €;€;_1-
i=2

We claim that
D(G)=N-D(H)- Nt.

Indeed, it is easy to see that

where
P=AP "' (A"~ B'M") 4+ (A— MB) P~' B* M' + M P M".

Hence, it is sufficient to prove that P = P. We first compute M P M?!. Since
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k+s

M" = ejel + epr1eh — eprsel + Z ei_1el,
i=2
k+s k+s
MP=Y (-1 e+ (k+1—j|+2i—1—k—s) ez’
Jj=1 Jj=1
k+s k+s
D) TP
i=3 j=1
and
M P M'=(1-35) egel + (1 —5) erel +4(1 — s) egeh (10)
k+s k+s
+ Z(z —2) et + Z(] -2) elez-
i=3 j=3
k+s
+Z(|k+2—j|+2j—3—k—s) €€
j=3
k+s
+Z(|k—|—2—i\+2i—3—k—s) eiel
i=3
k+s k+s
+2.D li-ilee
i=3 j=3

We continue obtaining A* — Bt M*. Multiplying B? and M?® we obtain

k+s
B'M" = B'eje! + B'eyy1eb — Blegseh + ZBt@i—leﬁ’
i=2
that is,
ks k+s
B'M' =Y (k+s+1—ieiel + (k+2s—1)ereh +» (k+s+2—jlese]
i=1 i=3
k+s
+Z (k + 25+ 3 — 3i)ezel, + Z (k42 —i)eel
=2 i=s+1
S+1 k+2 s+k k+s
55 I SVSRRRER R Sl N IRR RS
=2 i3 i=s+2 j=k+3
s+1 k+s
Jrz,s €€,y +Z Z rosp1(j —i— k) —s— 1|€ie§'
=2 j=k+3

J#i+k
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s+k s+k k+2
¢ L t
+ Z keiej o1+ Z Z Irort1(s +7 —i—1) =k —1lee;.
i=s+2 i=s+2  j=3
jFi—s+1

From this, we deduce that

s s+k s+k k+s s k+s
At—BtMt:Z(2z—2—seeQ 28662+ 22616 —ZZeieé.
=1 1=s+1 i=s+1 j=3 =1 j=3

It follows that
s 2 eet—i—leet—l——l ere}
2k+s—1) 1T 2 2T (g s—1) TRt

k+s— 1 k+s—1 k+s— 1

+ Z 7eie§+1— Zele+ Z 76211

P LA — BIMY) = (_

Lo . . k4s—2 , )
P EE— — € e — ——— € €
20k +5— 1) FHsOT g ChtsChie1 TRy Ot Chts

s+k s+k k+s s k+s

(2(21—2—5 eieh + Z s ejel + Z Zeze _ZZB’ )

=1 1=s+1 1=s+1 j=3 =1 j=3

k+s k—+s

—6162—1—5 e5 g es+1e

Finally, we see that

k-+s k+s

AP Y (A' — B'MY) = A(eleé + Zeseﬁ - Zes+1e§)
=3 =2

= s ereh + (s — 2)eqeh

k+1 k+s

—I—Z(s —3)e;eb + Z (s + 2k + 1 — 2i)e;el
=3 i=k+2
k+s k+s k+s

DIEE »T}

=3 j=3
and
k+s k+s
(4 MBPB = (e 4 St - S
=2

= s eze} + (3s — 2)eaeh
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k+1 k+s
—|—Z(s—1)626§—|— Z (s + 2k 4 3 — 2j)eze!
j=3 j=k+2
k+s k+s k+s k+s
+ Z eietl + Z Qeieé + Z Z eiez-.
i=3 i=3 i=3 j=3

Thus

AP YA = B'M") 4+ (A— MB)P 'B'M"' = s ejel + s exel +4(s — 1)ezel,
k+s k+s

+ E eleg-—i— E eiei
j=3 i=3

k-+s

D (s+k+1—i—|k+2—i])esel
=3
k+s

+3 (sHk+1—5—[k+2— j])eset.
=3

Therefore, by (10), we obtain
P=AP Y (A" = B'M") 4+ (A— MB)P~'B'M' + MPM"' = P.
This completes the proof of (9). Furthermore, since det N - det N* = 1, we deduce that
det D(G) = det D(H).
Combining this with (5), using an inductive argument, it follows

n2

det D(0(1,2s,2k)) = _T
with n = p+ ¢, where p=2s and ¢ =2k. O

Before computing cof D(0(l,p,q)), we need to introduce a new family of bicyclic
graphs.

Definition 2. Let [, p, ¢ be positive integers such that at most one of them is equal to
one. We define the family of graphs ©'(l,p, q) as the set of graphs generated from the
8(1, p, q)-graph by adding a pendant vertex. (see Figs. 5 and 6).

For given [, p, q, since any graph G € ©'(l,p, ¢) has as blocks the graph 6(l,p, ¢) and
one edge, it follows from Theorem 2 that the values det D(G) and cof D(G) are the same,
independent of the vertex of (I, p, q) to which the pendant edge is attached in order to
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V2 Vk+1
v1 Vik+2
V2k+2 Vk+3
V2k+3
Fig. 5. 0" (1,2, 2k).
U2 Us+1 Vs+k
......... —_— e
U1 Vs+k+1

......... —_— s

V2k4-2s Vs4+2k+1 Vs+k+2

V2s+2k+1

Fig. 6. 0'(1, 2s, 2k).

obtain G. For this reason, we will use ¢'(l,p, q) for any graph in the family ©’'(l,p, q).
Moreover, from Theorem 2, it follows that

cof D(0(1,p, q)) = —2det D(0(, p, q)) — det D(0'(L, p, 7).

Theorem 4. Let G = 0'(l,p,q) € ©'(l,p,q), for integers l,p,q such that at most one of
them is 1. Then, the following assertions hold:

(a) If G=0'(1,p,q) for some even integers p and q, then det D(G) = %.
(b) If G = 0'(2,2,2), then det D(G) = 48.

(c) If G = 0'(2,2,q) for some odd integer ¢ > 1, then det D(G) = —2(¢® + 2¢ — 9).
(d) Otherwise, det D(G) = 0.

Proof. Once again, items (¢) and (d) can be found in [2] and (b) can be computed
directly. The proof of case (a) will be divided in the following 2 cases. All along this
proof, &'(l,p,q) denotes the graph that arises from 6(l, p,q) by adding a pendant edge
incident precisely to the midpoint of the path of length p joining the two vertices of
degree 3 of 6(I, p, q). Notice that in Figs. 5 and 6 such midpoint is the vertex v;.

Case 1: Let G = 0'(1,2,2k), for some k > 1, with its vertices labeled as in Fig. 5. The
distance matrix of 0'(1,2, 2k) is

0 vt 1
D(0'(1,2,2k)) = [ v D(Copt1) v+1 |,
1 vt 4+ 1t 0

where D(Coy1) is the distance matrix of the cycle induced by the vertices vg, ..., vagro
and v' = (1,2,...,k,k+ 1,k,...,2,1). By (2), it follows that
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-1
0 vt

= M!MyM;.
(v D(02k+1)> 1 2 !

We define

M <MfM2M1 0 ) |

with w' := (1,v* 4+ 1%). Then,
D(G)™' = MiM,M;
and

0 ot
det D(G) = det M = —w!MIMyMyw det .
( ) 4 1 2 1 v D(02k+1)

Combining this result with (5), we conclude that
det D(G) = ’LUthMQle (k’ + 1)2

Now, we will calculate w®M{MsMjw. From (1), we obtain

1
thfMQleLU = (O,Ut)MfMng <O> + 2 (07Ut)MfM2M1 <1>
v

+(1, 1Y) M7 My M, < i )

= (0,v") (é) +2 (1,0 (i) + (1, 1Y) M} My M,y (i)

=24 (1,1 MM,y M, (i)

2
’l)tD(CQk+1)71U ]_tD(CQ]H_l)*l]. — (’UtD(Cgk_;_l)*ll — 1)

=2
+ 'l)tD(CQk+1)71'l)
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V2 Vs Vs+k
......... e ienn
U1 Us+k+1
......... —_— e
V2k+2s Vs+2k+2 Vs+k+2

V2s4-2k+1

Fig. 7. 0'(1,2(s — 1),2(k + 1)).

By (1), it follows that

2k+1

t
SNt
PES T

D(Copy1) 11 = —20"1 — vtC*1 —vtoh 1 +

2% + 1 n
:—82@ 4k +1) + m(%—i—l)@;z—i—(k—i—l))

(2k +1)? k+1

=—4(k+1)*+ (k1) = —

and

2k+1

t
AUES

D(Capy1)~ 11 = —21"1 — 1'C*1 — 1'C* 11 +

2k +1

—4(2k+1) + Y

(2k +1)?

2k +1
k(4 1)

Thus, by (4), we deduce that

k k(k+1)

k+1 2k+1 (k 1

’lUthMQMl’UJ =2+

k
ksl kE+1
Finally, we obtain
det D(6/(1,2,2k)) = (2k +4)(k + 1) = —n(n + 2m)(—2)™ "2, (11)

with n = p+ ¢ and m = 1, where p = 2 and ¢ = 2s.

Case 2: Let H = 0/(1,2s,2k) and G = 0/(1,2(s — 1),2(k + 1), 1) be the graphs with its
vertices labeled as in Fig. 6 and Flg 7, respectively, for some k > 2 and s > 2.
The distance matrices of G and H are

P At v+1
D(G) = A P w;+1 |,
vt + 18wl + 1! 0
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P Bt v+1
vt 4+ 10 wh+1¢ 0

where P, A and B are the matrices defined in (6), (7) and (8), respectively, v is the first
column of P, w; is the first column of A and ws is the first column of B.

We claim that
D(é):(ﬁ ‘1’)1)(?1)<A: ‘1’> (12)

where

I 0
N = .
<AP1 —~ MBP~! M)

Indeed, by (9), it follows that

P At P B'\ _,

and, hence, it is sufficient to prove that

N v+1 _ v+1 .
1U2+1 w1+1

It is easy to check that

v+1 | v+1
we+1) \(A-=MB)P ' v+1)+Mwy+1) )’
Since v is the first column of P, we obtain

(A—MB)P'v+ Mwsy = (A — MB)e; + Mw,
= w1 — Mwy + Mwy = w1.
From the proof of Theorem 3, Case 2, we get that

k+s k+s
(A= MB)P™ = eael + ) esel = ik,
1=3 =2
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and combining this with the definition of M, we conclude that
(A-MB)P'1+M1=0+1=1.

This completes the proof of (12). Furthermore, since
t
det N0 - det N0 =1,
0 1 0 1

det D(G) = det D(H).

we deduce that

Combining this with (11) and using an inductive argument, we obtain
det D(0'(1,2s,2k)) = —n(n + 2m)(—2)""2,
withn =p+qand m =1, where p=2sand ¢ =2k. O

We now consider the case in which a path is attached to a vertex of 8(I, p, ). We denote
by 6/.(1,p, q) the graph obtained from (I, p, q) by identifying one vertex of degree three
of 6(1,p, q), with one vertex of degree one of a path of length m > 0.

The next proposition investigates the determinant of these graphs, when p and ¢ are
even.

Proposition 3. If p and q are even integers, then
det D(0),(1,p,q)) = —n(n + 2m)(—=2)""2,
where n =p+q and m > 0.

Proof. Let G,, = 0/, (1,p,q), V(Gm) = {1,...p+q,...,p + ¢ + m} be such that the
vertices {1,...,p+ ¢} induce 6(1,2s,2k) and the vertices {p +q,...,p+ ¢+ m} induce
Py1, where p = 2s, ¢ = 2k and m > 0 for some k£ > 1 and s > 1. Arguing as in [6,
Theorem 3.2], we obtain

det D(Gy,) = —4det D(Gy—1) — 4det D(Gpy—2),

for m > 2. Combining this identity with the results of Theorem 3, case (a), and Theo-
rem 4, case (a), we deduce that

det D(Gr,) = —n(n+2m)(—2)"2,

where n =p+qgand m>0. O
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As we already know the determinant of any #-graph and 6’-graph, we obtain the values
of cof D(G), for G = 0(l,p, q).

Corollary 2. The following assertions hold:

o IfG=10(1,p,q) for some even integers p and q, then cof D(G) = —(p + q).
o IfG=106(2,2,2), then cof D(G) = —16.

o IfG=10(2,2,q) for some odd integer q > 1, then cof D(G) = 4q — 8.

o Otherwise, cof D(G) = 0.

Remark 1. A graph is said to be at most bicyclic if it arises from a tree by the addition
of at most two edges. The blocks that are at most bicyclic graphs having at least two
vertices are: edge blocks, cycles, and -graphs. The values of det D(G) and cof D(G)
were already known in the first two cases. Now, we have obtained the values of det D(G)
and cof D(G) for the last case.

From the results above, by applying Theorem 2, we present in the following sequence
a formula for det D(G) for all graphs having at most bicyclic blocks. Notice that this
class generalizes the class of cacti (which are graphs having at most unicyclic blocks).

Theorem 5. Let G be a connected graph having blocks at most bicyclic. If G = Ky or
any block of G is an even cycle or a graph 0(l,p,q) with det D(0(l,p,q)) = 0, then
det D(G) = cof D(G) = 0. Otherwise, if the blocks of G are:

e m edge blocks,

e ¢ odd cycles of lengths l1,1a, ..., 1.,

o 7 graphs 6(1,p1,q1),0(1,p2,42),-..,0(1,pr,q-) for even integers p1,qi,-..,Pr,qr,
e s graphs 0(2,2,2), and

o t graphs 0(2,2,q1),0(2,2,q2),...,0(2,2,q¢) for odd integers q1,qz,...,q > 1,

then

det D(G) = % Z al, szquz cof D(G),

h=1

where

cof D(G) = (=2)™(—1)"(~16)* (H lh> (H(pi + 4 ) [14q; —9).
h=1 i=1 j=1
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